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Lecture No. 10 

• Let us examine Global to Local basis function relationship to explain how global assembly 
works by starting with global or cardinal bases and then deconstructing them into local 
bases split into elemental components 
 

• Consider the example problem 

𝑑𝑑2𝑢𝑢
𝑑𝑑𝑑𝑑2

= 𝑝𝑝(𝑥𝑥)          0 ≤ 𝑥𝑥 ≤ 1 

𝑢𝑢(𝑥𝑥 = 0) = 𝐴𝐴 

𝑢𝑢(𝑥𝑥 = 1) = 𝐵𝐵 

• Develop a weak weighted residual formulation 

〈
𝑑𝑑2𝑢𝑢𝑎𝑎𝑎𝑎𝑎𝑎
𝑑𝑑𝑥𝑥2 ,𝑤𝑤𝑗𝑗〉𝛺𝛺 − 〈𝑝𝑝(𝑥𝑥),𝑤𝑤𝑗𝑗〉𝛺𝛺 = 0 

〈−
𝑑𝑑𝑢𝑢𝑎𝑎𝑎𝑎𝑎𝑎
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝑤𝑤𝑗𝑗
𝑑𝑑𝑑𝑑

〉𝛺𝛺 + 〈
𝑑𝑑𝑢𝑢𝑎𝑎𝑎𝑎𝑎𝑎
𝑑𝑑𝑑𝑑 ,𝑤𝑤𝑗𝑗〉𝛤𝛤 − 〈𝑝𝑝(𝑥𝑥),𝑤𝑤𝑗𝑗〉𝛺𝛺 = 0 

      However 𝑤𝑤𝑗𝑗�𝛤𝛤 = 0  (since all boundaries are essential) 

〈−
𝑑𝑑𝑢𝑢𝑎𝑎𝑎𝑎𝑎𝑎
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝑤𝑤𝑗𝑗
𝑑𝑑𝑑𝑑

〉𝛺𝛺 − 〈𝑝𝑝(𝑥𝑥),𝑤𝑤𝑗𝑗〉𝛺𝛺 = 0 
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• Divide the domain into 4 elements 

•          •          •          •          • 

      1         2          3          4 

𝑈𝑈1      𝑈𝑈2       𝑈𝑈3        𝑈𝑈4       𝑈𝑈5 
 

   With a global approximation using cardinal bases (i.e. globally defined trial functions) 

𝑢𝑢𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑈𝑈1𝛷𝛷1 + 𝑈𝑈2𝛷𝛷2 + 𝑈𝑈3𝛷𝛷3 + 𝑈𝑈4𝛷𝛷4 + 𝑈𝑈5𝛷𝛷5 

 

  𝛷𝛷1              𝛷𝛷2   𝛷𝛷3       𝛷𝛷4   𝛷𝛷5 

 

 

 

  𝑈𝑈1        𝑈𝑈2    𝑈𝑈3       𝑈𝑈4   𝑈𝑈5 

       𝛺𝛺1             𝛺𝛺2    𝛺𝛺3    𝛺𝛺4 

 

    Let’s put off enforcing the b.c.’s until the very end (since we know we can set 𝑈𝑈1 = 𝐴𝐴  

and 𝑈𝑈5 = 𝐵𝐵) 
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• Thus we have 5 unknowns coefficients (𝑈𝑈1 through 𝑈𝑈5),  5 globally defined trial functions 

(𝛷𝛷1 through 𝛷𝛷5) and 5 globally defined weighting or test functions which for Galerkin are 

defined as 

𝑤𝑤1 = 𝛷𝛷1 

𝑤𝑤2 = 𝛷𝛷2 

𝑤𝑤3 = 𝛷𝛷3 

𝑤𝑤4 = 𝛷𝛷4 

𝑤𝑤5 = 𝛷𝛷5 

• Substituting into the symmetrical weak weighted residual statement 

〈−
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑈𝑈1𝛷𝛷1 + 𝑈𝑈2𝛷𝛷2 + 𝑈𝑈3𝛷𝛷3 + 𝑈𝑈4𝛷𝛷4 + 𝑈𝑈5𝛷𝛷5),
𝑑𝑑𝛷𝛷𝑗𝑗
𝑑𝑑𝑑𝑑

〉𝛺𝛺 − 〈𝑝𝑝(𝑥𝑥),𝛷𝛷𝑗𝑗〉𝛺𝛺 = 0     𝑗𝑗 = 1,5 

 ⇒ 

〈− �𝑈𝑈1
𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑 + 𝑈𝑈2

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 + 𝑈𝑈3

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 + 𝑈𝑈4

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 + 𝑈𝑈5

𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑 � ,

𝑑𝑑𝛷𝛷𝑗𝑗
𝑑𝑑𝑑𝑑

〉𝛺𝛺 − 〈𝑝𝑝(𝑥𝑥),𝛷𝛷𝑗𝑗〉𝛺𝛺 = 0     𝑗𝑗

= 1,5 
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• For 𝑗𝑗 = 1 

〈− �𝑈𝑈1
𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑 + 𝑈𝑈2

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 + 𝑈𝑈3

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 + 𝑈𝑈4

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 + 𝑈𝑈5

𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑 � ,

𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑

〉𝛺𝛺 − 〈𝑝𝑝(𝑥𝑥),𝛷𝛷1〉𝛺𝛺 = 0 

    Since 𝛷𝛷1 is non-zero only in element 1, 𝛺𝛺1 

〈−
𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑

〉𝛺𝛺1 𝑈𝑈1 + 〈−
𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑

〉𝛺𝛺1 𝑈𝑈2 = 〈𝑝𝑝(𝑥𝑥),𝛷𝛷1〉𝛺𝛺1  

 

• For 𝑗𝑗 = 2 (since 𝛷𝛷2 is non-zero only in elements 1 and 2) 

〈− �𝑈𝑈1
𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑 + 𝑈𝑈2

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 + 𝑈𝑈3

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 � ,

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑

〉𝛺𝛺1+𝛺𝛺2 − 〈𝑝𝑝(𝑥𝑥),𝛷𝛷2〉𝛺𝛺1+𝛺𝛺2 = 0 

      Further noting that 𝛷𝛷1 is only nonzero in element 1 and 𝛷𝛷3 is zero in element 1 

〈−
𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑

〉𝛺𝛺1 𝑈𝑈1 + 〈−
𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑

〉𝛺𝛺1+𝛺𝛺2 𝑈𝑈2 + 〈−
𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑

〉𝛺𝛺2 𝑈𝑈3 = 〈𝑝𝑝(𝑥𝑥),𝛷𝛷2〉𝛺𝛺1+𝛺𝛺2 
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• For 𝑗𝑗 = 3  and since 𝛷𝛷3 is non-zero only in elements 2 and 3 

〈− �𝑈𝑈2
𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 + 𝑈𝑈3

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 + 𝑈𝑈4

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 � ,

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑

〉𝛺𝛺2+𝛺𝛺3 − 〈𝑝𝑝(𝑥𝑥),𝛷𝛷3〉𝛺𝛺2+𝛺𝛺3 = 0 

𝛷𝛷2 is non-zero only in elements 1 and 2 

𝛷𝛷3 is non-zero only in elements 2 and 3 

𝛷𝛷4 is non-zero only in elements 3 and 4 

〈−
𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑

〉𝛺𝛺2 𝑈𝑈2 + 〈−
𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑

〉𝛺𝛺2+𝛺𝛺3 𝑈𝑈3 + 〈−
𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑

〉𝛺𝛺3 𝑈𝑈4 = 〈𝑝𝑝(𝑥𝑥),𝛷𝛷3〉𝛺𝛺2+𝛺𝛺3 

 

• For 𝑗𝑗 = 4  and since 𝛷𝛷4 is non-zero only in 𝛺𝛺3 and 𝛺𝛺4 

〈−
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑈𝑈3𝛷𝛷3 + 𝑈𝑈4𝛷𝛷4 + 𝑈𝑈5𝛷𝛷5),
𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑

〉𝛺𝛺3+𝛺𝛺4 − 〈𝑝𝑝(𝑥𝑥),𝛷𝛷4〉𝛺𝛺3+𝛺𝛺4 = 0 

𝛷𝛷3 is non-zero only in 𝛺𝛺2 and 𝛺𝛺3 

𝛷𝛷4 is non-zero only in 𝛺𝛺3 and 𝛺𝛺4 

𝛷𝛷5 is non-zero only in 𝛺𝛺4 

〈−
𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑

〉𝛺𝛺3 𝑈𝑈3 + 〈−
𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑

〉𝛺𝛺3+𝛺𝛺4 𝑈𝑈4 + 〈−
𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑

〉𝛺𝛺4 𝑈𝑈5 = 〈𝑝𝑝(𝑥𝑥),𝛷𝛷4〉𝛺𝛺3+𝛺𝛺4 
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• For 𝑗𝑗 = 5 and noting that 𝛷𝛷5 is non-zero only in 𝛺𝛺4 

〈−
𝑑𝑑
𝑑𝑑𝑑𝑑

(𝑈𝑈4𝛷𝛷4 + 𝑈𝑈5𝛷𝛷5),
𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑

〉𝛺𝛺4 − 〈𝑝𝑝(𝑥𝑥),𝛷𝛷5〉𝛺𝛺4 = 0 

 

〈−
𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑

〉𝛺𝛺4 𝑈𝑈4 + 〈−
𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑

〉𝛺𝛺4 𝑈𝑈5 = 〈𝑝𝑝(𝑥𝑥),𝛷𝛷5〉𝛺𝛺4 
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









































ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΦΦ
−

ΩΩ

ΩΩ+ΩΩ

ΩΩ+ΩΩ

ΩΩ+ΩΩ

ΩΩ

 

,,                                                                                   

,,,                                                      

,,,                           

,,,

,,

44

4433

3322

2211

11

5554

454443

343332

232221

1211

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

dx
d

These 5 equations can readily be assembled into a global system 
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⎣
⎢
⎢
⎢
⎡
𝑈𝑈1
𝑈𝑈2
𝑈𝑈3
𝑈𝑈4
𝑈𝑈5⎦
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡
〈𝑝𝑝(𝑥𝑥),𝛷𝛷1〉𝛺𝛺1

〈𝑝𝑝(𝑥𝑥),𝛷𝛷2〉𝛺𝛺1+𝛺𝛺2
〈𝑝𝑝(𝑥𝑥),𝛷𝛷3〉𝛺𝛺2+𝛺𝛺3
〈𝑝𝑝(𝑥𝑥),𝛷𝛷4〉𝛺𝛺3+𝛺𝛺4
〈𝑝𝑝(𝑥𝑥),𝛷𝛷5〉𝛺𝛺4 ⎦

⎥
⎥
⎥
⎥
⎤

 

• We note that to enforce b.c.’s globally we simply set 𝑈𝑈1 = 𝐴𝐴 and 𝑈𝑈5 = 𝐵𝐵 ⇒ 𝑊𝑊1 =

0,𝑊𝑊5 = 0 eliminating the first and last equation which we replace with 

                  1.0 ∗ 𝑈𝑈1 = 𝐴𝐴     and   1.0 ∗ 𝑈𝑈5 = 𝐵𝐵 

 

• Prior to enforcing the boundary conditions we have 5 equations and 5 unknowns 
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• However we can also split the global system all into elemental systems 

�
〈−

𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑

〉𝛺𝛺1 〈−
𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑

〉𝛺𝛺1

〈−
𝑑𝑑𝛷𝛷1
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑

〉𝛺𝛺1 〈−
𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑

〉𝛺𝛺1

� �𝑈𝑈1𝑈𝑈2
� = �

〈𝑝𝑝(𝑥𝑥),𝛷𝛷1〉𝛺𝛺1
〈𝑝𝑝(𝑥𝑥),𝛷𝛷2〉𝛺𝛺1

� 

          + 

�
〈−

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑

〉𝛺𝛺2 〈−
𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑

〉𝛺𝛺2

〈−
𝑑𝑑𝛷𝛷2
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑

〉𝛺𝛺2 〈−
𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑

〉𝛺𝛺2

� �𝑈𝑈2𝑈𝑈3
� = �

〈𝑝𝑝(𝑥𝑥),𝛷𝛷2〉𝛺𝛺2
〈𝑝𝑝(𝑥𝑥),𝛷𝛷3〉𝛺𝛺2

� 

          + 

�
〈−

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑

〉𝛺𝛺3 〈−
𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑

〉𝛺𝛺3

〈−
𝑑𝑑𝛷𝛷3
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑

〉𝛺𝛺3 〈−
𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑

〉𝛺𝛺3

� �𝑈𝑈3𝑈𝑈4
� = �

〈𝑝𝑝(𝑥𝑥),𝛷𝛷3〉𝛺𝛺3
〈𝑝𝑝(𝑥𝑥),𝛷𝛷4〉𝛺𝛺3

� 

          + 

�
〈−

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑

〉𝛺𝛺4 〈−
𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑

〉𝛺𝛺4

〈−
𝑑𝑑𝛷𝛷4
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑

〉𝛺𝛺4 〈−
𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑 ,

𝑑𝑑𝛷𝛷5
𝑑𝑑𝑑𝑑

〉𝛺𝛺4

� �𝑈𝑈4𝑈𝑈5
� = �

〈𝑝𝑝(𝑥𝑥),𝛷𝛷4〉𝛺𝛺4
〈𝑝𝑝(𝑥𝑥),𝛷𝛷5〉𝛺𝛺4

� 

Type equation here. 
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  𝛷𝛷1              𝛷𝛷2   𝛷𝛷3       𝛷𝛷4   𝛷𝛷5 

 

 

 

  𝑈𝑈1        𝑈𝑈2    𝑈𝑈3       𝑈𝑈4   𝑈𝑈5 

       𝛺𝛺1             𝛺𝛺2    𝛺𝛺3    𝛺𝛺4 

 

  𝜙𝜙11   𝜙𝜙21    𝜙𝜙12             𝜙𝜙22    𝜙𝜙13    𝜙𝜙23     𝜙𝜙14      𝜙𝜙24 

 

 

      1     2    1         2   1       2    1     2 

  𝑢𝑢11   𝑢𝑢21    𝑢𝑢12       𝑢𝑢22    𝑢𝑢13     𝑢𝑢23    𝑢𝑢14   𝑢𝑢24 

 

in 𝛺𝛺1 𝑈𝑈1 → 𝑢𝑢11  in 𝛺𝛺2 𝑈𝑈2 → 𝑢𝑢12  in 𝛺𝛺3 𝑈𝑈3 → 𝑢𝑢13  in 𝛺𝛺4 𝑈𝑈4 → 𝑢𝑢14 

  𝑈𝑈2 → 𝑢𝑢21     𝑈𝑈3 → 𝑢𝑢22    𝑈𝑈4 → 𝑢𝑢23    𝑈𝑈5 → 𝑢𝑢24 

  𝛷𝛷1 → 𝜙𝜙11     𝛷𝛷2 → 𝜙𝜙12    𝛷𝛷3 → 𝜙𝜙13    𝛷𝛷4 → 𝜙𝜙14 

  𝛷𝛷2 → 𝜙𝜙21    𝛷𝛷3 → 𝜙𝜙22    𝛷𝛷4 → 𝜙𝜙23    𝛷𝛷5 → 𝜙𝜙24 
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Now the systems can be expressed locally as 

⎣
⎢
⎢
⎡〈−

𝑑𝑑𝜙𝜙11

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙11

𝑑𝑑𝑑𝑑
〉𝛺𝛺1 〈−

𝑑𝑑𝜙𝜙21

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙11

𝑑𝑑𝑑𝑑
〉𝛺𝛺1

〈−
𝑑𝑑𝜙𝜙11

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙21

𝑑𝑑𝑑𝑑
〉𝛺𝛺1 〈−

𝑑𝑑𝜙𝜙21

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙21

𝑑𝑑𝑑𝑑
〉𝛺𝛺1⎦

⎥
⎥
⎤
�
𝑢𝑢11

𝑢𝑢21
� = �

〈𝑝𝑝(𝑥𝑥),𝜙𝜙11〉𝛺𝛺1
〈𝑝𝑝(𝑥𝑥),𝜙𝜙21〉𝛺𝛺1

� 

          + 

⎣
⎢
⎢
⎡〈−

𝑑𝑑𝜙𝜙12

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙12

𝑑𝑑𝑑𝑑
〉𝛺𝛺2 〈−

𝑑𝑑𝜙𝜙22

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙12

𝑑𝑑𝑑𝑑
〉𝛺𝛺2

〈−
𝑑𝑑𝜙𝜙12

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙22

𝑑𝑑𝑑𝑑
〉𝛺𝛺2 〈−

𝑑𝑑𝜙𝜙22

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙22

𝑑𝑑𝑑𝑑
〉𝛺𝛺2⎦

⎥
⎥
⎤
�
𝑢𝑢12

𝑢𝑢22
� = �

〈𝑝𝑝(𝑥𝑥),𝜙𝜙12〉𝛺𝛺2
〈𝑝𝑝(𝑥𝑥),𝜙𝜙22〉𝛺𝛺2

� 

          + 

⎣
⎢
⎢
⎡〈−

𝑑𝑑𝜙𝜙13

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙13

𝑑𝑑𝑑𝑑
〉𝛺𝛺3 〈−

𝑑𝑑𝜙𝜙23

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙13

𝑑𝑑𝑑𝑑
〉𝛺𝛺3

〈−
𝑑𝑑𝜙𝜙13

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙23

𝑑𝑑𝑑𝑑
〉𝛺𝛺3 〈−

𝑑𝑑𝜙𝜙23

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙22

𝑑𝑑𝑑𝑑
〉𝛺𝛺3⎦

⎥
⎥
⎤
�𝑢𝑢1

3

𝑢𝑢23
� = �

〈𝑝𝑝(𝑥𝑥),𝜙𝜙13〉𝛺𝛺3
〈𝑝𝑝(𝑥𝑥),𝜙𝜙23〉𝛺𝛺3

� 

          + 

⎣
⎢
⎢
⎡〈−

𝑑𝑑𝜙𝜙14

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙14

𝑑𝑑𝑑𝑑
〉𝛺𝛺4 〈−

𝑑𝑑𝜙𝜙24

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙14

𝑑𝑑𝑑𝑑
〉𝛺𝛺4

〈−
𝑑𝑑𝜙𝜙14

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙24

𝑑𝑑𝑑𝑑
〉𝛺𝛺4 〈−

𝑑𝑑𝜙𝜙24

𝑑𝑑𝑑𝑑 ,
𝑑𝑑𝜙𝜙24

𝑑𝑑𝑑𝑑
〉𝛺𝛺4⎦

⎥
⎥
⎤
�𝑢𝑢1

4

𝑢𝑢24
� = �

〈𝑝𝑝(𝑥𝑥),𝜙𝜙14〉𝛺𝛺4
〈𝑝𝑝(𝑥𝑥),𝜙𝜙24〉𝛺𝛺4

� 
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• Thus we can conclude that  

 The local problems can be assembled into a global summation. This summed set of 

local problems is identical to the original global expansions!! 

 Boundary conditions are implemented as a last step 

 Each element is expanded locally, then assembled locally 

 Note that if we transform each local element into a unit element all basis functions 

look exactly alike once we are operating in that element 


